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^ ■ Dedicated to the memory of Professor Paul Andre Meyer 

■ Abstract 

, Evans-Hudson flows are constructed for a class of quantum dynamical semi- 

I groups with unbounded generator on UHF algebras, which appeared in It is 

■ shown that these flows are unital and covariant. Ergodicity of the flows for the 
semigroups associated with partial states is also discussed. 

> ■ 1 Introduction 
(N ■ 

^ , Quantum dynamical semigroups (to be abbreviated as QDS) constitute a natural gen- 

, eralization of classical Markov semigroups arising as expectation semigroups of Markov 

! processes. A QDS {Tf : t > 0} on a C*-algebra ^ is a Co-semigroup of completely 

I positive (CP) maps Tt on A. Given such a QDS, it is interesting and important to 

I look for a dilation in the sense of Evan-Hudson (EH) i.e. a family of *-homomorphism 

g I rjt : A ^ (r(L^(M+, ko))) where kg is some separable Hilbert space and r(-) de- 



> 



notes the symmetric Fock space, satisfying a suitable quantum stochastic differential 
equation (QSDE). This problem has been completely solved for QDS with bounded 
^ ' generators by Goswami, Sinha and Pal Hj, where a canonical EH dilation for an 

' arbitrary QDS with bounded generator has been constructed. However, only partial 

success has been achieved for QDS with unbounded generator. It is perhaps too much 
to expect a complete general theory for an arbitrary QDS. It may be wiser to look for 
EH dilation for special classes of QDS. In 3 for example, the author gave a general 
theory for QDS on a C*-algebra A, which is covariant with respect to an action of a Lie 
group and also symmetric with respect to a given trace. However, in the present article 
, we shall try to construct EH dilation for another class of QDS on UHF C*-algebra, 
studied by T. Matsui [Hj. This construction has some similarity with the earlier one 
but the action of the discrete group instead of a Lie group action in , makes the 

^The author would like to acknowledge the support of National Board of Higher Mathematics, DAE, 
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Advanced Research as well as from DST-DAAD programme. 
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present model somewhat different from that of 0. We have not only proved the exis- 
tence of the dilation (in section 3), we are also able to prove that the EH flow is indeed 
covariant with respect to the T,^ action (in section 4). Some ergodicity properties of 
flows are briefly discussed too( in section 5). 

2 Notation and preliminaries 

Matsui (in [H]) constructed a class of conservative completely positive semigroups on 
the UHF C*-algebra A generated by infinite tensor product of finite dimensional matrix 
algebras MAr(C), i.e. the C*-completion of ®j^jd Mn{C), where and d be two fixed 
positive integers (inductive limit of full matrix algebras {M]\fn(C),n > 1} with respect 
to the imbedding of Mtv" in M^yn+i by sending a to a 1). The unique normalized trace 
tr on A is given by tr{x) = Tr{x), for x G Mjvn(C), where Tr denote the ordinary 
trace on Mjvn(C). For x £ Mjv(C) and j G 1^^, define an element x^^^ £ A whose j-th 
component is x and rest are identity of Mjv(C). For a simple tensor element a G A, 
let a(j) be the j-th component of a, the support of a, denoted by supp{a) be the set 
{j G Z'^ : a(^j-^ / 1} and for a general element a G .A, a = YlT=i '^nO-n with a^'s simple 
tensor elements in A and c^'s complex coefficients, define supp{a) = UneN supp{an) and 
set \a\ = cardinality of supp{a). For any A C Z"', denote the *-subalgebra generated 
by elements of A with support A. When A = {fc}, we write Ak instead of A^k}- Let Aioc 
be the *-subalgebra of A generated by elements a G ^ of finite support or equivalently 
by {x^^^ : x G MAr(C), j G 7/}. Clearly Aioc is dense in A. For k the translation 
Tfc on A is an automorphism determined by Tfc(x*--'^) = x^^^^\'ix G M7v(C) and j G Z"^. 
Thus, we get an action r of the infinite discrete group Z"' on A. For x G A denote 
Tk{x) by Xk- The algebra A is naturally sitting inside ho = L'^{A, tr), the GNS Hilbert 
space for (A, tr). It is easy to see that extends to a unitary on ho, to be denoted by 
same symbol r^, giving rise to a unitary representation r of the group Z'^ on ho, which 
implements the action r. 

We also need another dense subset of A, in a sense like the first Sobolev space in 
A. For this, we need to note that M]y{C) is spanned by a pair of noncommutative 
representatives {U, V} of Zn = {0,1 ■ ■ ■ N - 1} such that = = 1 £ Mn{C) 
and UV = wVU, where w G C is the primitive A^-th root of unity( these U, V are 
given by X circulant matrices, note that for N = 2, U and V are respectively the 
Pauli-spin matrices ax and az)- For j G Z"^ and a, /3 G G = Z^r x Z^r, set aj-a,f3{x) = 
[U(3)vU),x] , Vx G ^and ||x||i = T.j;a,p\Wj;»A^)\\- SetC^{A) = {x £ A: \\x\\^ < oo}. 
It is easy to see that ||x*||i = ||Tj(x)||i = ||x||i and since C^{A) contains the dense *- 
subalgebra Aioc, C^iA^) is a dense r invariant *-subalgebra of A. Let Q = YljeZ'' ^ 
the infinite direct product of the finite group G at each lattice site. Thus each g £ Q 
has j-th component (^(j) = {aj,(3j) with cxj,Pj G G and ioi g £ G define its support 
by supp{g) = {j £ : g^^j-^ ^ (0)0)} and l^l = cardinality of supp{g). Consider the 
projective unitary representation of Q, given by ^ 9 g^Ug = Wj^^d [/(-^^"^ y^-?)^-' G A. 
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For a given CP map T on A, formally we define the Linbladian 
where CkX = TkCo{T_kx), Vx G Aioc 

with Co{x) = -^{T{l),x} + r(x), (2.1) 
where {A, B} := AB + BA. 

In particular consider the Linbladian C for the CP map 

oo 

Tx = aixai, Vx E A, 

1=0 

associated with a sequence of elements {ai} in A, ai = Xlgee ^i,9^a such that 

X^z^o Sgeg I'^'.sl Is'l^ ^ Matsui has proven the following in the paper referred earlier 

m~ 

Theorem 2.1. (i)The C formally defined above is well defined on C^{A) and the closure 
C of C/ci{A) generator of conservative CP semigroup {Pt ■ t > 0} on A, 
(ii) The semigroup {Pt} leaves C^{A) invariant. 

The semigroup Pt satisfies 

p^[x) = x+ [ Ps{C{x))ds, Vx G Dom{C). 
Jo 

Since 1 G C^{A) ( in fact ||l||i = ) and £(1) = £(1) = 0, it follows that Pt{l) = 
l,Vt > 0. 

Following W , we say that Pt is ergodic if there exist an invariant state ip satisfying 

\\Pt{x) - i^{x)l\\ ^ as t ^ oo, Vx e A (2.2) 

In IHl, the author has discussed some criteria for ergodicity of CP semigroup Pt. Some 
examples of such semigroups, associated with partial states on the UHF algebra and 
their perturbation are given. 

Let i;^ be a state on Mjv(C) and for k G Z'^, the partial state (pk on A determined 
by 4>k{x) = (/'(x(fc))x|fc}c, for X = X(fc)X{fc}c, where X(fc) G Ak and Xj^jc G A{ky. We 
can find elements {L^"^) : m = 1, 2 • • • N'} in M]\j{C), for some finite natural number 
A'^' such that 

N' N' 

0(x) = l(™)*xL(™) Vx G M^(C) and ^ L^^)* L^^) = l 

■m=l m=l 



3 



For m = 1, - ■ ■ N', consider the element L^^^ G with zeroth component is L^™^ 
respectively. Now for A: G Z*^ and m = 1, - ■ ■ N', writing L^^^^ = Tk{L^'^), the partial 
state (pk is given by, 

N' 
m=l 

By H'i.lj) . formally the Linbladian corresponding to the partial state (pQ is given by 
where 

m=l 



It follows from theorem that defined on C^{A). Moreover the closure C'^ of 

HA) 



C^/c'i-iA) generates a conservative CP semigroup Pf on A given by 



fcGA fceA 
Note that the map $ define by, 

feeA fceA fceA 

extends as a state on A which is the unique ergodic state for pf. For any real c, consider 
the perturbation 

C^^^x) = C^ix) + c£(x), Vx G Ci(^). 
It clear that L^'^'^ is the Linbladian associated with the CP map 

N' oo 



m=l «=0 



T{x) = 4 ^4 + a;*xa,, Vx G ^ 



and by theorem H2.ll) it follows that the closure £(^) of generate a QDS 



Pj'-'^^ Moreover, 



Theorem 2.2. There exist a constant cq suc/i t/iai for < c < cq the above 
semigroup P^^^^ have the unique ergodic state ^^^^ and 

\\Pi^\x)\\i < 2e"^^"t^*||x||i and (2.3) 
\\Pt^"\x) - $(^)(x)l|| < ^e"^^"^^*||x||i, Vx G C\A). 
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Remark 2.3. The ergodic state ^^"^^ corresponding QDS Pj^^^ is given by 

= + c / ^C{Pl^'{x)))dt,yx G C\A) 
Jo 

Let us conclude the present section with a brief discussion on the fundamental inte- 
grator process of quantum stochastic calculus, introduced by Hudson and Parthasarathy 
[3). Let k = L^(M_|_,ko) where kg = P{Zi'^) with the canonical orthonormal basis 
{cj : j e Ij^} and F = TsymO^), the symmetric Fock space over k. For / G k, we denote 
by e(/) the exponential vector in F associated with u : 



n>0 

where u^"^ = u n • • • n for n > and by convention u^'^^ = 1. For / = 0, e(/) is 

n— copies 

called the vacuum vector in F. Let C be the space of all bounded continuous functions 
on L2(M+,ko), so that £{C) = {e(/) : / E C} is total in F(k). Any / G L2(M+,ko) 
decomposes as / = X^fcez^ A^A: with fk G L^(M+). We take the freedom to use the 
same symbol fk to denote function in L^(M+, ko) as well, whenever it is clear from the 
context. The family of fundamental processes, {A^ : i,j G Z*^}, associated with the 
orthonomal basis {ej : j G given by 

~ ^xio,t]<^ei ^ / 0,j — (annihilation) 
= "x[o,t]®e, for i = o, j / (creation) 
= ^M^jQ^j®|ej><e,| for i,j / (conservation ) 
= tl for i = j = 0, (time ) 

where M^j^ is the multiplication operator on L^(M-|_) by characteristic function of the 
interval [0,t]. For detail see [TOUTj^ 

3 Evans-Hudson (EH)type dilation 

Formally, we would like to solve the following quantum stochastic differential equation 
(QSDE) in 

BiL\A,tr)) (E) BiT{L^{R+,ko))), 

djt{x) = ^ jt{5]{x))da,{t) + J2 m{x))da]{t)+jt{C{x))dt, (3.1) 

jo{x) = x0lr . 

Now if we look at the corresponding (see jl()|[7]) Hudson-Parthasarathy (HP) equation 
in L'^{A,tr) L'^{T{L'^{R+,ko))), 

dUt = {rpa^it) - rjda]{t) - K*rjdt}Ut, (3.2) 
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Uo{x) = Il^(X)T- 

However, though each rj £ A and hence is in B{L'^{A,tr)), the equation H3.2|) does 
not admit a solution since 



{u, J2 ^j^ju) = Yl ii^'j 

is not convergent in general and hence X^jeZ"^ does not define an element in 

^ kg. For example, let r be the singleton U^'^^ G ^ so that rj = J7('^+-?) is a unitary 
for all j € Z"^ and hence 

However, as we shall see, in many situation there exist EH flows, even though the 
corresponding HP equation 1)3.2^ does not admit a solution. 

Remark 3.1. There are some cases when an EH dilation can be seen to be implemented 
by solution of HP equation, for example, given a self adjoint r G A, 

dVt = Y Vt{S*kdak{t) - Skdalit) - IsiSkdt), Vo = 1, 



where 5^ is defined by Sk{x) = [r^jx] for x £ A L'^{A,tr), admits a unique unitary 
solution and 

X ^ Vt*{x l)Vt 
gives an EH dilation for Pt (ref |3 \^). 

Let a,b G Zn be fixed, W = VV^ G 7WAr(C) a fixed element. Consider the 
following representation of the infinite product group Q' = Ylj^^d Zjv, given by 

g' B g^Wg = Yl W^^'^"', where g = {aj). 
For any y ?i A, y = Ylgeg ^g^g ^'^d for n > 1 we define 

Now consider r £ A, r = J2geg' ^g^g such that X^^gg/ |cg| < cxd. It is clear that 
"^liv) — Yligeg' \^g\ Ifl'l ^ Note that for x G Aioc we can always write x = Ylh&g ^hUh, 
with complex coefficients satisfying c/i = for V/i such that supp{h) P| supp{x) is 
empty. So 

"dnix) = Y2i |c/i| l/i]" < cxD for n > 1 
h&g 

and it is clear that 

h&g 
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for constant = \x\{l + Y2heg \'^h\)- Now consider the formal Linbladian define by 
(|2.H) £ associated with CP map T{x) = r*xr, L = '}2k&<^ ^k-, where CkX = TkCoij-kx) 
with Cqx = ^{[r*, x] r + r* [x, r]} so that, 

^^k{x) = ]^{[rl,x] Tk+rl [x,rk]}. 

Let denote these two bounded derivations [r^, .] and [.,rfc] in A, by S], and 5k respec- 
tively so that C{x) = \ Ylkezd ^li^Vk + rlSk{x). 

For n > 1, denote the set of integers {1, 2, • • • n} by /„ and for 1 < p < n, P = 
{h,h' ' ' ^p} ^ In (where Zj's are in increasing order), define a map from n-fold Cartesian 
product of Z*^ to that p copies of Z'^ given by 

k{In) = {ki,k2---kn) ^ k{P) = {kii,ki2 ■ ■ ■ kp) 

and similarly, e{P) = {sij^ei^ ■ ■ ■ £ip) for a vector e(/n) = (£162 • • • ^n) in n-fold Cartesian 
product of {—1,0, 1}. 

For brevity of notations, we write £{P) = c (c G {—1,0, 1}) to mean that all ei- = c and 
k{n),e{n) will stand for k{In),£{In) respectively. Setting 5| = Sl.,Ck and Sk depending 
upon e = —1, and 1 respectively, we write R(k) = Vk^Vk^ ' "fkp and 5{Ji, e) = • • • 
for any k = {ki,k2 - ■ ■ kp) and e = (ei, £2 • • • Ep)- Now we have the following useful 
lemma. 

Lemma 3.2. Let r,x and constant Cx be as above. Then 
(i)For any n>l, 

\\mn),e{n)){x)\\ < (2T?i(r)c,r, Vx G Aioc, 

k{n) 

where e{n) is such that ei ^ 0, y I £ In- 
(a) For any n>l and k{n), 

Ck„---Ck^{x) 

= ^ E R{KPirmn),e(P){ri)){x)R{k{P)\ 

p=0,l---npC7„:|P|=p 

where e(p)(n) is such that e(p)(P) = —1 and e(p)(P^) = 1. 

(iii)For any n > l,p < n, P <^ 1^ and e{n) is such that £{P) contains all those compo- 
nents having value 0, we have, 

J2\\mn),e{n)){x)\\ < ||rr(2T?i(r)c,r 

fc(n) 

<{l + \\r\\n2Mr)c.r. 
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(iv) Let mi, 1712 > 1; x,y £ Aioc o,nd e' (mi) , e" {1712) be two fixed tuples, then for n>l 
and e{n) as in (in), we have, 

||(5(^(n),£-(n)){<5(F(mi),£-'(mi))(x) • 8{k" {m2),e" {m2)){y)}\\ 

k{n),k'{mi),k"{m2) 

where c^^y = max{cx,Cy}. 

Proof, (i) As r* is again of the same form as r, it is enough to observe the following 

II ['^fen ' ■ ■ ■ ['^fel ' ^] • • • ] II ^ (2^^! {r)CxT, e Aloe ■ 

In order to prove this consider 

LHS= Y H W9n\---\cgi\\ch\\\[TkJVgr,,---[TkrWg^,Uh\---\\\. 

Since for any two commuting elements A, B in A, [A [B, x]\ = [B [A, x\] , for the com- 
mutator [Tk„Wg„, • • • [TkiWg-^^, Uh] • • • ] to be nonzero, it is necessary to have, (supp{gi) + 
h) n supp{h) 7^ for each i = 1, 2, • • • n and number of choices of such ki G Z*^ is at 
most l^il • |^|. Thus we get, 

Y \\i^knr--[rki,x]---]\\ 

< E \^9n\---\CgA\ch\\gn\---\9l\\hr2- 

gn,-gieg';heg 

< (2^?i (r)c,r. 

(ii)The proof is by induction. For any /c G Z"^ we have, 

^kix) = ^U^^k + rlSk{x), 



so it is trivially true for n = 1. Assume it to be true for some m > 1 and for any 
km+i € Z'' consider Ckm+i^km ' ' ' ^ki{x), now by applying the statement for n = m 
we get, 

^k^+,^kr.---jl^kA^) 

= 2^ E E [SL+AKHnrmrn),s-iP)im)){x)RCk{P))}r,^^, 

p=0,l-m PCIm:\P\=p 
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Since r^'s are commuting with each other, 
LHS 

p=0,l--m PCI„,:\P\=p 

= ^ E E RCk{P'))*mrn + l),eiP^(.m + l)){x)R{HP)). 

p=0,l-m+l PC/™^+i:|P|=p 

(iii) By simple apphcation of (ii), 

6(k{n),e{n)){x) 

= ^ E E RCHP\Q)Tmn),e^Q,p){n)){x)RCkm, (3.3) 

g=0,l-p QCP:|Q|=g 

where ei^Q^p-){n) define by the map from the n-fold Cartesian product of {—1,0,1} to 
itself, e{n) ^ £f^Q^p){n) such that f?(Q,p)((5) = -l,e(Q,p)(P \ Q) = 1 and 
e(^Q P^{In \ P) = e{In \ P), now (i) gives that we require . 

(iv) By we have, 

LHS 

= ^ E EE mHp\Q)Y 

k{n),k'{mi),k"{m2) g=0,l--p QCP:\Q\=q 

6CHn),^Q^P){n)) [6{k'{mi),e'{mi))ix) ■ 6Ck"{m2),e"{m2)){y)] 
Now applying Leibnitz rule, it become 



fc(n),fc'(mi),fe"(m2) g=0,l--p QCP:\Q\=q l=0,l-n LCI„:\L\=l 

\\5Ck{L),^Q,p){L))6{F{m,),e'{m,)){x)\\ 
P(ML^),e-(Q,p)(L^))[<^(fc"(m2),6-^'(m2))(y)]||. 

Now by using (iii), we obtain, 

LHS 

^il+ML ^ c{p,q) c(n,/)(l + ||r||)'+-^(2^i(r)c.)^+-^ 

q=0,l---p l=0,l---n 

■ (1 + ||r||)"-'+™^(2^?i(r)c,)--'+'-^ (where c(p,(?) = 
< 2"(1 + ||r||)^"+™i+™2(2T?i(r)c^,j,)"+"^i+™^ 



□ 



Now we are in position to prove the following result about existence of EH dilation of 
CP semigroup Pt associated with element r £ A discussed above. 
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Theorem 3.3. For t > and x,y £ Aioc, 

(a) There exist unique solution jt{x) of the QSDE, 

djtix) = jt{S}x)daj{t) + jt{6jx)da^j{t) + jt{lx)dt, (3.4) 



such that = 1, Vt > 0. 
(b) Foru,v G ho,/, 5 G C, 



jo{x) = X (g) Ir . 



{ue{f),jt{xy)ve{g)) = {jt{x*)ue{f), jt{y)ve{g)) . (3.5) 



f'cj jj is a contraction on Aioc o.nd extends uniquely to a unital C* -homomorphism from 
A in to A(8)B{T). 

Proof. Note first that Aioc is a dense *-sub algebra of A. 

(a) As usual, we solve by iteration. For to > 0,t < to, x £ Aioc, u £ ho, / G C, we set 

,•(0) 



jj (x) = X (E> Ir and 



jf^^ (x) = X Ir 



+ r E ii"-'H5](^))da,-(.) + jt-i)(<5,(x))da](.) +i(""i)(£(x))ds. (3.6) 
Then we shall show, 

||{jf)(x)-jf-^)(x)}^e(/)|| 
< il^||ne(/)|| Y E \mn),e-{n)){x)l (3.7) 

fc(n)£(n) 

where c/ = 2e^/(*«)(l + ||/||^), with 7/(to) = Ji%l + \\fisW)ds. For n = 1, by the 
basic estimate of quantum stochastic integral ( see |lfH 17]). 

llOf (x)-jf (x)}ne(/)f 
ft 

Y S}ix)dajis) + Sj{x)da]{s) + Cix)ds}ue{f)f 



<2e^/(*°)||e(/)f A ||5t(^)^||2+ ^ \\6,ix)uf + \\l{x)u\\'}il + \\f{s)\\fds 



< c/io||e(/)f { 5] ||5](x)n|| + ||5,(x)n|| + ||/:,(x)n||}2. 
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Thus H3.7|) is true for n = 1. Inductively assume the estimate for some m > 1, again 
by same argument as above, 

= ll{ r E - 3t-'\^](^))]da,M 

+ -j(ri)(£(x))]ne(/)f }(! + 

+ E -iir'n^.(^))]^e(/)ii 

Now applying 1)3 .Tf) for n = m, we get the require estimate for n = m + 1 and 
furthermore by the estimate of lemma (|3.2I (iii)), 

||{jf )(x) - -^)(x)}^e(/)|| < 3"(toC/r/2||t.e(/)||(l + ||r||)"(l + 2^i(r)c.)", 

thus it follows that the sequence {jl:"'\x)ue{f)} is cauchy. Define jt{x)ue{f) to be the 
lim„^oo jt^"'^'ue(/), that is 

jtix)ue{f) = xu® e(/) + J]{jf ^(x) - -')(x)}7.e(/) (3.8) 

n>l 

and one has 

\\jtix)ue{f)\\ < ||^xe(/)||[||x|| + 3"(toC/)"/'(l + ||r||r(l + 2Mr)c,n (3-9) 

n>l 

Uniqueness follows by setting, 

qt{x) = jt{x) - j'tix) 

and observing 

dqt{x) = qt{8]{x))daj{t) + ^ gt(5j(x))(iatj(t) + qt{£{x))dt, qo{x) = 0. 
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Exactly similar estimate as above will show that, for all n > 1, 

||gi(x)ne(/)|| <^^^^||ne(/)||^^||5(fc(n),e-(n))(x)||, 



Tl: 

k{n) ein) 

since by lemma l3^ iii). the sum grows as n-th power, qt{x) = 0,Vx G Aioc-, showing 
the uniqueness of the solution. As 1 G Aioci}"^ fact it is of empty support) by QSDE 
((331) it follows that it(l) = 1- 

(b)For ue{f),ve{g) G /i ® £{C) and x,y £ Aioc, by induction we have, 

{ji''\x*)ue{f),ve{g)) = {ue{f) , i^^\x)ve{g)) 
Now as n tends to cxd we get 

{jt{x*)ue{f),ve{g)) = {ue{f),jt{x)ve{g)). 

Define 

^t{x,y) = {ue{f),jt{xy)ve{g)) - {jt{x*)ue{f), it{y)ve{g)) 

Now for ^ = 1, 2, • • • ,7 setting 

{C,k{l),rik{l)) = {Sk,id), {id, 6k), {6l,l), {id, 6l), {Ck,'id), {id, Ck) and (4,5^) 
respectively, one has 



ft rSn-l fSl 

Mx,y)\<cl, •••/ 

, , Jo Jo Jo 



^71 l'" 5^ 



X] \^si{Ck„{ln)---CkAh)x,'nk„{ln)---VkAh)y)\dso---dsn-i, Vn > 1, (3.10) 

where Cf^g = (1 + to"'^^^)(||/|loo + lls'lloo)- quantum Ito formula and cocyle properties 
of structure operators, i.e. C{xy) = xC{y) + C{x)y + X^^g^d 5l.{x)5k{y), we have, 

^t{x,y) 

Y{^s{5k{x),y) + ^s{x,5k{y))}fk{s)ds 



+ 



k 

t 



J^{$,(4(x),y) + ^s{x,5l{y))}vk{s)ds 

k 

+ / J]{$,(£fc(x),y) + $,(x,£fc(2/)) + $,(4(x),4.(y))}ds 



k 

which gives the estimate for n = 1, 

ft 



Mx,y)\<cf,g Yl I • (3.11) 



1=1-7 -"^ k 
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Now if we assume (|3.1U() for some m > 1, application of p.llf) gives the required 
estimate for n = m + 1. 

Before going to further estimate of \^t{x,y)\, by (|H.8j) , and lemma 13.21 fiv). 

note the following, 

(1) For any n-tuple {h,l2 - • • In) in {1, 2 • • • 7} 

WjsiCkAQ ■ ■ ■ CkAh){x) • vkAQ ■ ■ ■ iikSi){y))ve{9)\\ 

< C,,,,,{(1 + ||r||)(l + 2^?i(r)c,,,)}2"||^e(g)|| (3.12) 

where for any g £ C 

Cg,.,y = 1 + E 3- ^^°';jr^' {(l + ||r||)(l + 2Mr)c.,y)}'"'. 



(2) For any s <tQ, p < n and e{p), 

Y,\\js{S{Hp),e-{p)){y)}ve 

Hp) 

< + lk|l)(l + '^Mr)c.,y)r\\veig)\\ (3.13) 

(3) Since ??p(x) = '!?p(x*) and {5{k{p) , £{p)){x)}* can also be written as 5{k{p),e'{p)){x*) 
for some £'{p), we have 



J2\\js{6CHp),e-{p)){x)rue{f)\\ 

Hp) 

< Cf^^^yiil + ||r||)(l + 2Mr)c.,y)rheif)\\ (3.14) 
Now for any fixed n-tuple (/i, • • • , In) consider, 

x,vk„{in)---mi{h)y)\, 

k(n) 

by definition of it is 

< Yl ■ WjsiQkAln) ■ ■ <kSi)x ■ rikSln) ■ ■ ■ r]kAh)y)ve{g)\\ 

+ l|j4(aJU ••• ai(/i)(x))*}^e(/)|| +j,(r?fc„ (/„)••• r?fc,(/i)(y))r;e(5)||, 
now the estimates 1)3. 12() . 1)3. 13() and 1)3. 14(1 gives, 

Y \'^siCk„ {In) • • • Cfci {h)x, %„ (/„) • • • (/i)y)| 

fc{n) 

< {(1 + ||r||)(l + 2i9i(r)c,,j,)}2"||^xe(/)|| • \\ve{g)\\{Cg,^,y + Cf,,,yCg,^,y) 
= C{(l + ||r||)(l + 2^i(r)c.,,)}2" 
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with C = ||ne(/)|| • \\ve{g)\\{Cg^x,y + Cj^^^yCg^^^^y), now by (|3.1U|). 



\Mx,y)\<c 



+ \\r\m + 2^i(r)c.,,)}2«, V n > 1. 



n! 



so = 0. 

(c) Let £, = Y1 '^j'^j^ifj) (vector in algebraic tensor product of ho and £{C)). If y € -^toc^ 
y is actually an A^'^' x A^'^l-dim positive matrix and hence it admits a unique square 
root G -^toc- ^ ^ "^ioc' setting y = — x so that y G "4.^"!^^, we get 

\\jt{ym' = {jt{y)^,jt{y)0 

= ^CiCj{it{y)uie{fi),it{y)uje{fj)) 

= '^CiCj{uie{fi),jt{\\x\\l -x)uje{fj)) (by (b)) 

( where we have used the fact that 1 G Aioc and jt(l) = 1 ) . Now let x G ^/oc be 
arbitrary and applying the above for x*x and by (b) we get, 

\\jt{x)if = {jt{x%jt{x)£) 

= ^CiCj{jt{x)uie{fi),jt{x)uje{fj)) 

= ^CiCj{uie{fi),jtix*x)uje{fj)) 
= {^,jt{x*x)0 
<\\x*x\\-Uf = \\xf-Uf 
or \\jtix)C\\ < \\x\\ ■ U\\. 

This inequality obviously extends to all ^ G ho ^ F. Noting that it(l) = 1, Vt, we get 

||jt(2;)|| < ||x|| and \\jt\\ = 1. 

Thus jt extends uniquely to a unital C*-homomorphism satisfying QSDE H3.4j) and 
hence is a EH flow on A with Pt as its expectation semigroup. 

□ 

We have also obtained an EH type dilation for the CP semigroup Pf associated 
with the partial state (f>o- Note that the generator C't' of Pf satisfies 

1 ^' 

^nx) = E ^E[4™^*'^]4™^ + 4'"^*[^'4'"^vxG^,„,. 

fceZ<* rn=l 

Now we have the following, 

Theorem 3.4. Let C't' and Pf as discussed earlier, then 

(a) For each k and t > there exist unique solution 'q'^'\xf^^^) for the QSDE, 

N' N' 
d^f\x) = (^[Lf )\x(,)])da.(t) +r,f (5][x(,),4-)])dat(t) (4x(.))^ 

m=l m=l 

(3.15) 
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joix{k)) = X(^k) Ir, V3;(fc) e Ak 

and r/P^ is a unital *-homomorphis'm from Ak in to Ak ^(r). Moreover, for different 
k and k',r]^^^ and 7]^'' ^ commute in the sense that, r]^'^\x(^k)) '^nd ri[^\xki) commute 
for every X(^k) ^ -^fc o.nd Xk' G Ak', 

(b) There exist unique unital *-homomorphism rjt from Aioc in to A<^B{T) such that it 
coincide with rj^^^ on Ak, 

(c) The rjt extends uniquely as a unital C* -homomorphism from A in to A® S{T). 

Proof, (a) For any k G Z"',^ > and X(^k) G -^k, consider the QSDE H3.15() . Here we 
have only finitely many nontrivial structure maps on the unital C*-algebra Ak, satisfy- 
ing structure equation . So there exist a unique solution and r]^''^ is a unital 
*-homomorphism from Ak in to Ak ^(r). Note that for different k and k' associated 
structure maps are commuting. Hence, 'rit\x (^j^-^) and Vt'' \x(^k')) commute for every 
G Ak and G Ak'- 

(b)Now for any finite A C Z'^,t > and simple tensor element xa = YikeA^ik) ^ -^A, 
if we set 

4^\xa) = Yl vP{x{k)) 

keA 

then rjl^^ is a well defined map on to Aa^B{T) due to the fact that t/I'^^'s commute. 
Differentiating r][^\xA) with respect to t, it follows that r]l^\xA) satisfies the QSDE, 

dvi^\xA) = Y.vl''Hj2iL^r^*^^^^)dakit)+J2^i^^ 

fcGA m=l fcsA m=l 

(3.16) 

Vo^\xa) = xa ® Ir- 



In order to show, 

rjl^\xy) = rjl^\x) ■ rjl^\y), for every simple tensor elements x,y G Aioc, (3-17) 

without loss of generality (since each ry^^^^'s are unital, for finite subsets A C A',ri^^ ^ 
agree with •q^^'^ for simple tensor elements in ^a) assume x,y G .4a for some finite 
A C Z"' so that X = H/ceA ^(fc) ^ -^A and y = HfceA ^ -^A with identity component 
out side their respective support. Now consider, 

vl^\xy) = Y].{x{k)y{k)) = n nt\^{k)y(k)) 

keA keA 

= n 'nt''\x{k))vi''\y{k)) = n ^(^(fc)) n ^^^iyi^))- 

keA keA keA 

Thus, (|3.17j) follows. Similarly for x = YlkeA^(k), 

4''\x*) = ivi'^Hx))* . (3.18) 
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Now we define r]t on Aioc as follows, note that any element x G Aioc can be written as a 
linear combination of simple tensor elements {Ug : g G Q}, x = '^Zgeg ^a^a with Cg = o 
when supp{g) is outside the supp{x) = A, set 

mix) =^Cgr]l^\Ug) 

a&G 

Let X and y £ Aioc, x = Y^geg ^a^a ^^'^ V = Y^heg ^hUh such that supp{x) = supply) = 
A, consider 

Vt{xy) = Vt{ X] (^a^hUgUh) 
g,heg 

= CgcA^\UgUy.) = CgC,4''\Ug)vi^\U,) {hj ) 

g,h£g a>h&g 
a&S h&g 

So rjtixy) = r]t{x)r]t{y) and by 13.181 it follows that r]t{x*) = (r/t(x))*,Vx G Aioc- Thus 
r]t is a unital *-homomorphism from Aioc in to ^ S{T). (c) (Proof is same as that of 
theorem EIHc)) 

Let X S Aloe then ||x|pl — x*x G A'l^^ (in fact it is belong to some finite dimensional 
matrix algebra ^a) so y^Hxpl — x*x G A^^^. Since rjt is a unital *-homomorphism on 

•^loc, 

r]t{\\x\\'^l-x*x) > 
=^ rit{x*x) < ||x|pl 
^ ||7?f(x*x)|| < 
^ \\Vt{x)\\ < ||x||, 

So r^t extends uniquely as a unital C*-homomorphism from A in to A <^ ^^i^)- 

□ 

4 Covariance of EH flow 

In this section we shall prove that the Evans-Hudson flows constructed in the last 
section is covariant. Let i3 be a C* (or von Neumann) algebra, G be a locally compact 
group equipped with an action a on B. Let {Tf : t > 0} be a covariant CP semigroup 
on B w.r.t. a, that is, 

Ug o Tt{x) = Tt o ag{x),\/t > 0, g £ G, X £ B. 

Then a natural question arises , does there exist a covariant EH dilation for {Tt}. The 
question is discussed in ^ for uniformly continuous CP semigroup. There is no such 
general result for CP semigroups with unbounded generators. 
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We shall show the EH flow {jt} and {rjt} constructed in the previous section is 
covariant w.r.t. the actions r and A( A to be introduced later in this section) of the 
group Z"' . 

It can be easily observed that 

SkTj = TjSk-j and kTj = Tjd'^k-j, Vj, k £ Z'^ (4.1) 

and we have the following lemma, 

Lemma 4.1. (i)CTj(x) = TjC{x), Vx G Dom[C), 
(ii)PtTj =TjPt, i.e. Pt is covariant. 

Proof, (i) Note that C^{A) is r invariant and thus for x G C^{A), 
^ir,{x)) = ^Y1 Si{rj{x))rk + rl6k{Tj{x)) 

= + rk*Tj5k-j{x) (byO) 

= Yj ^k-ji^yk-j + rl_j6k-j{x)} 
= r,(£(x)). 

For x £ Dom{C), choose a sequence {xn} in C^{A) and y £ A such that y = C{x) and 
Xn and C{xn) converges to x and y respectively. Now, for any j G Z'^ applying the 
automorphism Tj,Tj{xn) and TjC{x„) converges to Tj{x) and Tj{y) respectively. Since 
Xn £ C^{A), C{Tj{xn)) = TjC{xn) and we get 

Tj{x) £ Dom{C) and CTj{x) = TjC{x). 

(ii)By (i), for x £ Dom[C) and < s < t we have, 

^Ps O Tj O Pt-s{x) = PgO CoTjO Pt-s{x) - PgOTjO Co Pt^s{x) = 

This implies that Pg o tj o Pf_s(x) is independent of s for every j and < s < t. Setting 
s = and t respectively and using the fact that Pt is bounded we get PtTj = TjPt. □ 

Note that jt : A^ A® B{r{L'^{R+, ko))), where ko = /^(Z'^) with canonical basis 
{ck}, as mentioned earlier. Define the canonical bilateral shift s by sjCk = ek+j,'^j, k £ 

and let 7j = r(l ® Sj), the second quantization of 1 (E> Sj i.e. ^Yj^iYl fi(.-)^i) — 
fi{ )^i+j)^ this defines a unitary representation of Z'^ in T and further we set 
a = T 1^ X on A(d B(T) where Xj{y) = jjyj-j, Vy £ I3{T). 
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By definition of fundamental processes ak{t) : ak{t)e{g) = gk{s)ds e{g), observed 
that 

Xjak{t)e{g) = -fjak{t)-f-je{g) = -fjak{t)e(^{g,ei+j){-)ei) 

t 

{g,ek+j)is)ds 'yj{eC^{g,ei+j){-)ei) 

t 







{g, ek+j){s)ds {eC^{g, ei+j){-)ei+j] 
ak+j{t)e{g) 



and since 



it follows that 



(e(/),A,-afe(t)e(5)) = (A,aT (t)e(/), e(5)), 



\jak{t) = ak+j{t) and Aj4(*) = (4-2) 

Theorem 4.2. The Evans-Hudson flow jt of the CP semigroup Pt is covariant,i.e. 

ajjtT-j{x) = jt{x),\/x e A, t>0,kGZ'^. 

Proof. For a fixed j E Z'^, set = cfjjtT-j, Vt > 0. Using QSDE (jS31) and lemma EH 
(j23I), we get for x £ Aioc, 

jtix)-j'o{x) 

= / ^jjs{^l{'r~j{x)))dak{s) + / ^ o-jjs(4(r_j(x)))d4(s) 

+ / (yjjs{C-{T-j{x)))ds 







+ ajjsT^j{C{x))ds 
t ft rt 



s. 



Since, Jo(x) = ajjoT^j{x) = aj{T^j{x) ^ Ip) = x Ir = jo(a^), 

jt{x) = jt{x) for alH > and x G ^ioo by uniqueness of QSDE (|3.4() . As both j| and 
are bounded maps, it follows that j'f- = jt- □ 

Remark 4.3. By similar argument as above, the EH flow for the CP semigroup Pf, 
can be seen to be covariant with respect to the same actions. 
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5 Ergodicity of the EH flows 

Recall the QDS P/ associated with the partial state (f)o, for which we have constructed 
EH flows rit in section 3. Note that Pf has a unique ergodic state We have the 
following result on ergodicity of r]t w.r.t. the weak topology. 

Theorem 5.1. The EH flow rjt of CP semigroup Pf has also the unique ergodic state 
^, in a sense that 

r]t{x) — ^ $(a;)lr weakly Va; G A- 

Proof. Since rjt and Pf are norm contractive, Aioc is norm-dense in A, and P^{x) 
converges to (g) 1 for all x e A, it is enough to show that r]t{x) — P^{x) (g) 1 — 
weakly as t — oo. Furthermore, it suffices to show that (^i, {r]t{x) — P^{x) (g) 1)^2) — 
as t 00, where .^1,^2 vary over the linear span of vectors of the form ve{f), with 
/ = E|fc|<nA® efe for some n and /i,.../„ G L1(]R+) H ^^(1^+)- 

For notational simplicity denoting the bounded derivations on A, 

N' N' 

X [x, L^j^^] and x i— > [-^i™^ > 

m=l m=l 

by pk and pj. respectively, note that ryt satisfies the QSDE, 

dritix) = J2 mipl{x))dak{t) + J2 miPk{x))dal{t) + ^ rit{Ct{x))dt, (5.1) 
itez<^ itez<^ feez^ 

770(3;) = a; (g) Ir, Vx G .4;oc- 

For t > 0,M,f; G ho and G L2(M+, kg) fj ^^1^+, -^o) such that / = T.\k\<n fk ® e.k 
and g = X]|fc|<n5'fc and x G .4/00 consider the following, 

\{ue{f),[r^t{.x) - Pt{x)®l\ve{g))\ 

= \{ue{f), [ f J2 V,{Pk{Ptt,{x))}dal{q) + vMiPUx))}da,{q)]ve{g))\ 

< J2 f \{ne{fU,{pk{Pt,{x))}ve{g))\ Uq)\\dq 

+ f \{ue{f),vMiPL{x))}ve{g))\ \\f{q)\\dq 

|ik|<n ° 

As r)t, pf are contractive and Pf{x) tend to $(x)l as t tend to 00, further p^ and p\ 
are uniformly bounded and Pfe(l) = p|,(l) = for all k G Z*^, we have, 

l(t^e(/),r/,{p,(P/_,(ar))}^;e(5))| and \{ue{fU,{pl{Pt^{x))}vB{g))\ < M, 
for some constant M independent of t and q. So since f,g & L^{R+,Ko), both the 
terms of the above expression tend to as t tends to 00. 

□ 
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Remark 5.2. The r]t{x) does not converge strongly, for if did, then x ^ <I>(x) ® Ip 
would he a homomorphism, i. e. ^ would be a multiplicative non zero functional on the 
UHF algebra contradictory to the fact that A does not have any such functional. 

Remark 5.3. If we look at the perturbation of the QDS Pf by QDS associated with 
single supported r & Aq, then by the same argument used in the construction of EH 
dilation for the unperturbed semigroup will go through and one can obtain an EH dila- 
tion for the perturbed one. For small perturbation parameter c > for which a unique 
ergodic state exists, the EH flow also admits the same unique ergodic state in the above 
sense. 
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